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ABSTRACT 

Thin study investigated middle school children's 
ability to forot a mental inage ot a |.»lanar figure and to: (1) 
mentally flip, turn, or slide this representation and then construct 
the resultant image in correct position ("performing individual 
motions"), (2) perform two such motiunr; in successijn ("composition 
of motions"), (3) perform the process in reverse '''inverse motions"), 
and (U) hold length invariant while attempting the above three 
operations. The sample consisted of 30 stv'deuts at the upper 
three-fourths ability level in each of grades U, 6, and 8, Five tests 
were given to each student: (1) a 20-itein papei-and-pencil pretest to 
determine ability to perform transformations at the 
perceptual-recognition level; n) an ind:wviaual test to see if 
students could physically perform flipa, turns, and slides? and (3) a 
three-part transformation test, measuring performance on individual 
motions, compositions, and inverses. Five Age X Motion ANOVAs vere 
«5?ed to analyze the five tests. Age was significant only in the 
pretest and the individual motions test. Slides were easier to 
perform than either flips or turns. A majority of subjects in each 
group failed to perforii Individual motions, compositions, and inverse 
notions; the majority of the errors on each task came from the 
failure to conserve length. (OT) 
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gdosietvy in the elenititdvy and middtd aehool curriculum have boon made and 
are boins itaplotnented* Uowever» ehere is & paueitv o£ raseareh data on 
which to base such inovations. Horo apeci£ically» little empirical evidonee 
oxiata eoncoming the spatial capability of children with respect to 
Euclidean Transformations* Therefore! the primary purpose of the present 
study was to investigate middle school children's comprehension of Euclidean 
tnms formations at the representational levdlj that is, to investigate their 
ability to form a mental image of a planai* figure, to perfoim a mental 
operation (Euclidean transformation) on this representation » and then to 
construct the resultant in correct position. As suggested by Shulman (1970), 
in formulating the study, primary consideration was given to the ntructure 
of ijeometry and to a comparison of this structure with what is knoua about 
the cognitive structure of the middle school child* Klein's principle, 
with it? emphasis on transformations, invariants tinder transfornctlons, 
ami groups of transformations concisely reveals the structure? of ^eometr>- 
and Is descriptive, in part at least, or cognitive operational structures 
as d«) fined by the developmental thijoty of Jean Piaget. 

>fathen.aticai Background 
In 1872, Felix K3ein synthesized the vast geometrical knowledge of his 
day with Arthur Caloy's al«;(jbralc invariants and Sophus l.?c*8 traast'ortna- 

tloiial. into the now i'anou^] Hrl'in".oii Prorr;,Mn, whldi not only d;»f;lnu9 

:;*ooi:u^t;rLo.';i , but nlio cltiJ;^L f ton iUkvca an to contotit. A :v.oclijrn rc'Htatonaut 
of* llluia'H principle U\: f*,K\o\\u\tvy in t\w stiutv of t\u\ proportion of a 
soL 1) witich rorn-iln lavMriant. vluui iile.-^iontf,? of S am nubjectad to tho 
t r'ln.ifonnal: ton;j of rjorno i:raa3fonratlonal 5;roui)/' (Xio ii\ led to a 
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transfot iatlon(il groups in the Vonn diagrnta^) oi Flguvo 1. An undatu&atidlng 

Insure Figure I c^out horo 

of the tola of the transfonnat tonal groups Is enhancod by an examination of 
tha trans forr.uitiona and somo of tho basic proper ties which remain Invariant 
under such transformations. Figure 2 lists the tnost important properties 
bolus held invariant by the trans forn^ational groups. These e"* t^n pro- 
perties are not intended to be exhaustive but dOt in a very real sense i 
exuraplify the major differences in tha geometries* 

Insert Figure 2 about here 



Psychological Background 

Three major themes are evident in Piagut's research on the child^s 
dovclupment of space# Fir3t» Planet'n major fcous in space develonment is 
space representation! not :»pace perception* Secondi he believes that these 
spatial representations aro built un throu<;h the organisation of mental 
''actions*' pt^rformed on objuct^;; in space* And thirds he claims that the 
umd^^ earlicsst spatial concepts ara topolo^;;lcal in nature and that his 
projective and Euclidoiin concepts aro concomitant extensions of these 
to;)ol.o.:ic:il co:\c:intv5. Vm' fir.5t two, ropre.^c^ntat ioanl apace and th^» orj;ani- 
;Mt:loa of n.Mital accl(>nj> r\ro pirt i c.*o ^ ■"»r].y rolevant: tn rMi^ prc^s'j:it f?tu«lv, 

I. ii.ir •ad .p! rv.\ \ ^ i • ' ' ' \{ ri'v-^aU to Pl:rv:n' tov h\txr)6ucl:\'.\ 
titu fb)^.ton ta^t a f an;Jci;\;(\C;'iI cli.'^t La :.: io:'\ d5:\lr-;^fj h<'»tv:.v.M tlM v.nrlou3 lovcils 
of '<r\.r,-1 u»:I^v? ir.pLlrlt: la V.h:» i.ad i vldi; il ' caatactn vLt:h tap r^n.irial v;orId 
ii'ivtouadla/. liiuu Tluro nr:, ..-^.ccvrJ : to ?iay,H*, di'.i i: Lar.tloan bctwonn 



parcQptual, sonaorimstot and rQprc;sun&a&lcnal space. Rciprticicntatlonal ap.icia 
la spacQ in which the child can iaasino or mut.^ily reconstruct: m\ action » 
and whera the schema of thasd actlotm Has st«e^jkCiQnt mobility and CloxibiUty 
Sot tha intamaliSQd actions to become fully rovorsibU misntal operations* 
Placet and Xnhalder (1967) explain the diatinetion thuat 

"T)m evolution of spatial ralations proceoda at two different 
levels. It is a process which takes place at tha perceptual level 
and at the level ot thought or iraaglnation. ...Perception is 
the knot<; ledge of objects resulting from direct contact with them. 
As against this, representation or imagination involves the 
evocation of objects in their absence or, when it runs parallel 
to perception, in their presence" (pp. 3, 17). 
To illustrate, very young babies can distinf,uish between circular shapes 
and triangular shapes, but it is not until much later that they can roprasent 
these fisurcs to themselves in thought. 

Firraly rooted in Piagetian theory are the words "actions" and 
"operations." Piagetians argue that cosnition at all ages is bust 
characterized as the application of real actions by the child. In infancy, 
those actions arc extemallzod and observable for the most part, e.g., 
brlngins.? thumb to mouth. As tha child fjrm-rs, the actions become more and 
noro internalized, schematic, mobile, and le.nq dependant upon concrete 
qualitlod. Gradually taa co.;nitlv«2 actlonsj co-iioace t(3 .form systems of 
ncClonj vrith .strong structUi.' v-i. Wh«n they achI«VG this j'.tatun thc'y mt^s 
callod "ct\/,ultivo opar.itioafi" by l'La^;;ot (Flavol, 19r33). 

Dtirint^ laiddle cluidaood (7-11 yanrs of aya) there is an intQj^ration of 
tho chiUi'ii cof'.nltiva oporatiorn^ Into sy.'ityri tol'alities with cortaia 



duU'ii<^dt«id Co rtiigee cortcapouding lo£ico<*ina6h£ffiatle^l group and lattico 
structutTiid. HuAC«i, ho puAilCdd tUat a hybrid of thQ tnath(}in.^tloal group 
and latelcQ :3tructure wad a ^ood inoJ«3l for the structure formed by tha 
concreto«opQ rational uhlld'a syatea cf cognitive op«sratlons* 

An t\\\i child ijrows into adolcsci^ncai hia concrete opecatlonal thouijht 
utructuros are oxf.ended by synthedi3L-;g the two forms of rovarslbllity, 
Inversion and reciporcity, Inlo a single system of transfomatlons 
(Inholder and Piuset, X9S8}. Flavoll (1953) cites that now the loglco* 
riathunutlcal Htructures which nerve .is abstract nodelM for the child's 
thought procoases, "...consist of intagrated lntti('o-Brou;i structures, 
not Just partial and Incouplcjte lattice and ^roup properti-js, as In the 
concrete oper.'itlonal groupinga, but a full and complete li'.ttice and a 
full and complete group, both 'ntoi^razod within one total aystein (pp. 211- 
212)." Pia:jGt claims, "That the adol2Scent*s behavior in certain problem 
solvinij situations attests to a cognitive atructuro with the properties 
of a four- group. .. consisting of tV.?. operation of I, the identity; N, 
the nQ;?,atioa; R, the reciprocal; and the cotrolative (i.e., IIJRC group) 
(Fiavell, 1963, p. 215). Inhslder ani Piaget (1953) summarise their 
discu«alon of the cidolcsco.nt 'a thous'r.: proceastts while aolvlnR nechanical 
eqailibriun pfobloms by notln-^ that ".'2 lllWC jjroup cotr.tja into play in both 
it-i lu>'.Lt;aL and p'lyisLcal i'ofn; ;.-ie lo,';Ionl CMI'/J form i-ovorns tht; 

;iropi.' Jit toa.il opi-ratiorr; 'v'li.c'.i the .v.; .: j j c t tirKv? to dj.'icriba nnd oxpliin 
r.-iLit:./ vnll- flu p!v.*;Uc 1 1 XII^C forr- m rc^voalsvl In t\)-2 u.mnor bv vhLch 
t:!i.)u ',lit. proooiist'j v.\.\-3t h? 'if.ructur::-.! '.r. orJor to .soi.V'> irol) .L.-"r.3 . 



In aunmary, rtiprt^aaneac tonal spacd In the child tkvelops very alowly. 
In the bdglnnlns tho child is eapabls of only crude internalized actions* 
Gradually, he is abla to perform mental operations not only on objects 
which are real and physiically present but also on objects whose presence 
is only imagined. The child's mental representation becomes not lust 
merely a recall from his memory bank, but active reconstructions of objects 
at the symbolic level. 

The Study 

The proceeding theoretical discussion suggasts that the projective 
and Euclidean spatial framework of middle school children has developed 
sufficiently to enable them to perform Euclidean transformations at the 
representational level. 'Jl'herefore, Piagetiaa-like tasks were developed to 
investigate the child's ability to: (.1) form mental representations of 
planar figures, perform mental operations ('Euclidean transformations) on 
these representations, and then construct the image of the transformations 
in proper position (hereafter referred to as performing individual motions); 

(2) perform two such processes in succession (compositions of motions) ; 

(3) perform the process in reverse (Inverse motions); and (A) hold 
length invariant while attempting the above three operations. Three 
experimental hypotheses were fonnulaied to investigate the above: (1) the 
capability to perform Euclidean tr-in-^ fom.itlons , conpo3it"'-ons of transfonna- 
tior.:i, and invorttfi transf omat ions Is ap,e related; (2) the thirteen year-old 
ndoloricoint's c^n^iitivo! structure is ;>uch that he cnn perform Euclidean 
tran-jfOfcriation.^ , ccnposition.i oF tra?isforr.at ions , and inverse trans f omat ions 
lad (3) perceptual jpatJ.al ability, aj measured by a pan<--'r and pencil test, 
i;j r latcd to the ability to porforn Kuclidcan transformations, compositions 



of transformatlonB and Inverdo trans rormatlona* 

The sample consisted of ninety subjects«-«15 each from grades four» 
siKf and eight in the Commerce, Georgia and Winder, Georgia School 
Systems. Mean ages by grades aa of N*ovember 1, 1972 were 9.3, 11»3, and 
13«3 respectively^ All age levels were heterogeneous with regard to sex 
ai^d race* In selecting the ago group , consideration was given to Piaget^s 
theory of developmental stages. Students identified by teachers a£3 being 
in the lo^^er one«fourth general ability level t;ere excluded. As a post«-hoc 
procedure, the Otis-Lennon Mental Ability Test Form J was admins tared to 
all subjects. The mean rat^ scor s for grades four, six, and eight wore 
43,6, 52.9, and 46.1 respectively. 
P retest 

To determine subjects' ability to perform transformations at the 
perceptual--recognition level, a 20-itam paper and pencil pretest v;as ad- 
mJ.nls tared in groups by grade. There x/ere four slide items and eight each 
of the flip and turn items. The pretest was oattemed after Alonzo's (1970) 
Spatial Analogies Problenis Test in which she assumed *'...that two cognitive 
capabilities are needed to solve the test items: (1) the ability to 
identify the spatial transformation, and (2) the ability to reconstruct 
and select an identical transfomat ton from the altematrlves (p. 17.)«** 
A prototypical ore-test item i£-; n^^^^" In Flgur.? 3. 

Innart Fif^jir-^ 3 about hero 

0'1 • ^ r a t L oa a L Dk> f i t\ i t i on Activities 

Lacil subject wa.-; ia<l.Lvtduaily -rivctrx an "on ratioaal*' c]?i:tnition of 



translaclons (alidos). reflections (Clips), and rotattona (turns). On the 
avor.igc, these activities required 10-15 minutes per subject. Uslns rigid 
flgurae and wire models of the motion indicators— a lide-arrow, flitj-IinQ, 
and tum-arrot^— the three motions were operationally defined thuss (ai an 
original figure and a motion indicator vera placed in front of the .ubject, 
(b) a congruent copy was placed on top of the original figure, and (c) the 
notion was perfowied using the copy, leaving the original figure fixed. 
Flipping (turning, sliding) the copy, leaving the original fixed, lessened 
the reliance on memory of the position of the original, enhanced the prob- 
able use of symmetry and other properties inherent In Euclidean transforma- 
tions, and assisted the tester In pointing out errors in the subject^s 
performance. After a motion t;as demonstrated several times with various 
orientations, the subject was asked to perform the transformation as 
Indicated by the motion indicator. A subject was considered operational 
If he performed three consecutive slides (flips, turns) correctly. If he 
raade a mlstalce, his errors were discussed and he started over. After a 
total of five incorrect slides (flips, turns), he was considered non- 
operational on that particular motion. If a subject was found to be non- 
operational on all three motions, he was not tested further and was con- 
sidered as having failed the entire transformational test. The rationale 
for such termination was based on the premise that if a child could not 
physically par form .\ .-notLon with a rigid concrusnt copy of the original 
figure, Ciion he womIc. not be able to construct an ima.-jc of the original 
fi.^-^ure urtdir a notion. 



Transformational Te8 t ••••no^. 

IiatnddlaCcly following thf\ "operational definition" aeeivities, those 
subjects found to be oporational (72 of the 90 participants) were given 
the trans fonaational tost. The trans furmaLlonal teat examined subjects* 
performance on individual motions, co.spositions of motions, and inverse 
motions at the representational level. The test was composed of tasks 
patterned after the protocols used by Fidget and his collaborators in 
their investigation of the child's dev^xopment of space (Piaget and Inhelder, 
1967). The three basic Euclidean transformations are slides (S) , flips (F), 
and turni? (T). Combinatorily these can be cotnposed two at a time in nine 
ways (1) S-F, (la) F-S, (2) S-T, (2a) T-S, O) F-T, (3a) T-F, (4) S-S, 
(5) F-F, and (6) T-T, Using these compositions , the ordering of tl-e tasks 
in the transformational test was as follows. For each subject, composition 
tasks 1 or la, 2 or 2a, and 3 or 3a were randomly selected and randomly 
ordered. Composition uasks, 4, 5, and 6 were randomly ordered next^ 
followed by the random ordering of the inverse tasks on slides, flips, and 
turns. 

In a composition Cask, a subject was given an original figure and two 
indicated motions as exemplified in Figure 4. Ten 1/3" diameter sticks, 

Insert Figure 4 about hare 



r.lx for construction of two coagruant in-i;',c!3 of the orii'.Lnal f.Lp,ure and 
four o: JLfiorin^, lyagth:; ,n.i dir; t ractors , w«;ra placad adiacont to the 
co;.'>posltioaal task. To insure that .^ach subjt'ct wa:5 aware that he could 
coai tract aa interred iate i;na;^e, lanv^ tlvj interr.ediatn inac;e I'ixcd, tlien 
con.;truct the final ina^v^, and tliat !-.o could r.r2tu;urc (ccrr.paie .-^tirkf; witli 



sides of oriQlnaX figure) ha was toldi "There are enough sticks co maV.u 
two copies of the ori^cinal triangle and you con ousasure if you want to." 
He was then asked to use the sticUn and construct a copy of the original 
figure as it should look to him after performing the composition. The 
subject's construction of the final image was Judged to be in one of three 
categories: (1) subject's composition was correct; (2) subject failed to 
conserve length, making a non-congruent image (with a non-congruent image, 
the kJLnd and amount of errors were normally impossible to determine)* and 
(3) subject conserved length maldng a congruent image, but he failed to 
nerf arm the composition (he either constructed the image in incorrect 
position or changed the orientation of angles). 

Regardless of success/failure on each composition, to examine capability 
with individual motions, eirch subject was asked to separately ana individually 
construct the images of the two notions comprising the composition. After 
malcing the image of the first motion, the subject's construction was re- 
moved and a rigid congruent copy of the original figure was placed in correct 
intermediate position. The subject was then asked to construct the imag*^ 
of the second motion using the intaraediate copy as the original t'ijure of 
the second motion. To test the subject's capability with inverse motions, 
he v;a3 given a notion indicator and the iinaf»e under the motion (but not the 
original figure). He was told, "This is how the figure looks to you after 
you hava nurfomsd the indicat^^d slidcj (flip, turn). Make the i'lf.ure as it 
loo'-.od to you before it vas slid (tlipned, tumad)," 
I)n_ta Ari;-i!.yal3 and ri ndin;'!:^ 

/ui A;;e X Motion repeated n^asur^nents analysis; of variance v;as used on 
tha pr^ftost, o)<2ratioaaI Jofinitlon actlvitlfjs, and conpositional tasks 



(eon^ildting ci three subeescss luUlvldual motional composUlona, and lavdrso 
motions) to Uetcttalno i£ Ago ond/or Motion wato dignlfieant factocs in thd 
fiubjoct'o ability to porforoi Euclidooa tr^iudfomatlons (Crsonhoude and 
Cuisser» 1959). Tho ANOVA (table 1) rovaals that Motio;\ was a aisnieicant 
factor (p < .01) in all modes of testing. Surprisingly! only in the pretest 

In^art Table 1 about hero 

and the indiv.ldual motions tost was Agti found to bo significant (p < .05). 
A^o X Motion Interaction was not found to be significant in any subtest. 

Duncan's N'^w Multiple Ran^e Test was used as a post hoe procedure to 
Isolate the above differences. Slidea wt.ve found to be easier :o perform 
than either flips or tums, but no Bisn/flceoit difference was indicated 
between flips and tums. No significant paivwlse contrasts weie foimd in 
ase. Clearly (see Table 2), the results did not indicate that the lack of 
ago significance was due to t;;e thrc«s age 5;roups already having spatial 
capability to perform transfoi-cnations at the representational level: the 
low s<:OL'c8 on the transformational tas\<3 Indicated just the opposite. Tlie 
only lo3ical explanation is that lack of a,<>e significance was due to the 
fact that few children of the three a^a groups were able t.o satisfactorily 
peri'orn transformations ,'»t tha pros;'sn:ational leval, 

A descriptive analysis was uaod to assess subjects* abillf to parfonn 
tr.iiUjforr.iai: ions. It w.jn iuund that jv.j)':!ct:3 hnd dlL't'lcuity In 'v^.rforralns 
tr-iii jfor-^atL-jii? I'l .ill n->:''.^s of t .-^ s t !■'.•', . Tn nart li-:ul;ir , a:? .^'!cr;n La Table 
2, Mk' i-'ajorlty oF nubj .i'-r.< la eac.ii <?,roi::> f.iLl.'d to ivrforr: laiUvidual 
no!: Lon5, conpo.u c lon:» of:" "vjtLon'B, r.Ad i.:v.\'.Yr,-.: ?:.■>{: lo-i.; .',c tl'.o r.inro 4.:»nt acional 
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Insert Table 2 about hero 

Pearson* s product nonient correlation coefficients tfere computed to 
examine relationships between the spatial ability levels of performing 
transformations. TIio protest scores (perceptual ability) vtete not highly 
related with perfomanco on the transformational tasks (representational 
ability). Hot;ever, the data suzanarized in Table 3 Indicates that a marked 
relatednoss did exist between the scores on the Otis-Lennon >!ental Ability 

Insert Table 3 about here 

Test and the ability to perform transformations at the representational 
level. A comparison of the thirteen-year-old lower quartile subjects* pet- 
fozinance with that of the nine-year-old upper quartile subjects' purformance 
on the transformat-f on^il tasks is striking. The thirteen-year-old lower 
quartile subjects we^^ only able to sacisfactorily perform one individual 
motion out of a possible S4 and no cornosltions or Inverse motions. In 
contrast, the nine-year-old u?r»er quartile subjects performed 20 individual 
morions* 7 compositions » and 3 inverse motions. The contrast in relatedness 
of pretest scores with performance on the transformational tasks and the 
OtLs-Lennon Test scores vrith perforrance on the transformational tasks 
indicates that the pretest neasured specific spatial abilities whereas the 
Ocirs-LGnnon Tor.t uca3ured norc; ;.v-Tioral reasoning ablllttos. Vurthermore » 
it ir. f3ur,SiJ-'"'i^ ^'•'G that, in ;ul'Jltioa to snatinl ability, broad £!.3neral reasonin 
ability Ls needed to porfom Kviclidain trans fomations at the ropresentatlona 
ioval. Thase flndin,'!3 are, in general, confirmatory of Alonxo's analysis of 
tho relation of ijnatlaL to "loylcal roar^onins" abilitios (1970). 



In oildltlon to thd aitalysea prjcformed In examining questions related 
to cxporlomentai hypothdsus 1, 2, and 3, an error analysis vas undertaI;on 
to dotemlne the Idnds of errors concitted during the transformational 
tasks and to identify possible error trends by individuals. No error 
pattern could be established, either on motions or by individuals* How- 
ever, it was found that 70r: of individual motion errors, 67% of composition 
errors, and 59* of inverse motion errors were "failure to conserve length" 
(did not construct a congruent image of the original figure). I^lien the 
percentages of length errors were averaged across motions, it was found 
that 69%, 71%, and 70% of the 9-, 11-, and 13-year-old subjects respectively, 
cominitted length errors on the individual motion tasks. Strikingly, only 
four of the 72 subjects atterr.pting tlio transformational tasks were able to 
perform all 12 individual motions with no conservation of length errors. 

Discussion 

The data did not support the experimental hypothesis that adolescents 
could perform Euclidean trans fox-mat lens, compositions of transformations, 
and inverse transformations at the representational level. Tlie findings 
are not consistent with the theoretical base for the study nor with results 
of previous studies. Piaget (1967) contends that by the a<>a of nine or 
thereabout the child has the framawork appropriate for comprehensive 
Kuclf-doan and projective systor.-}. PoTlications of Ptaset's spntial • anka 
by Doclvell (1969) and Lovo.ll (1939) v. :.:o nooie varintion vn a;^a but, la 
n^ivji-al support PLaj;5ot*s paaLtion, I." jrondeau and I^inard'a (1970) findinfjs 
•ito also supportive o;: Pta^otlm t'a^or/; howcjvar, tho.y oh 'i^.irv the et^^err^once 
of tlie. coc.>rcU^al:Lon of" pe Copfjct lv:> al?ilicv to ncrrir slLr;;it:lv latar. 
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Lifctlo rosoarch on the child*e ability to porform Euclldoan trandforffla** 
tloua as such is availablo* St* Clair (1968) found that fourth and sixth 
grade students can learn the concepts of synunatry (reflsccions and rotations)* 
In a training study using students €rom grades four and fivst Xumar (1967) 
reached the broad general conclusion that the teaching of synmietry and 
related principles has potential for increasing children's spatial capabilities* 
And» Williford (1970) found that second and third grade children could be 
taught transformational concepts but there was little transfer to other 
spatial abilities* 

The above comparison forms a basis for the experimenter's conjecture 
that the ability to perform transfonnations at t'le representational level 
derives from formal-operational thought (in a Flagatian sense) and that the 
thirteen-*year old subjects of the present study were not in the formal 
operational stage. This conjecture Is supported in part by the preponderance 
of '^failure to conserve length** errors committed by all age groups during 
the transformational tasks* 

Failure to conserve length (construct a congruent image of the original 
figures) was the most prevalent cause for non-perfcrmance of the transforma- 
tional tasks* Piaget's experiemental technique in examing the child's 
conservation of length (classical definition) consisted of shwing the 
child two Jticks of the same len?;th laying side by side, asking him if they 
wGrc equal in length, sliding one of the sticks forward approximately 1 cm, 
and a.-'.ain a:3klns tha cliild to aay which of tha two sticks x/as lon.7,er or if 
thoy v;ero still the san^ length (Pia.?,at, Inheldor, and Szeminska, 1960, p. 95). 
Piaj;et does not give the ages of the children he found in each stage; however, 
the protocols indicate that six to eight years of a^e was ::he range for 



emorgdncd of con^lstant consorvAClon :f lengeh. Numerous scudtes also Imply 
that youns children, ages 6-8, do In fiee conserve longch. Shanes and Smock 
(1966), Divara (1970), and Carey and S:effe's (1972) findings infer that 
young dilldren conserve length in the slafssical sense. 

The evidence is strongly supportive of the proposition that adolescents 
do conserve l>3ngth. Why, then, was this capability not evidenced during the 
present study? Piaget uid others estsbllshed a child's capability to con- 
serve length w\th two sticks as described above. The studies referenced inferred 
length conservation from the acquisition of some other conservation capa- 
bility such as transitivity or seriation. In contrast, the present study 
used three types of transformations, six different compositions, and three 
types of inverse transformations. And, instead of simple short sticks, 
length had to be conserved with a complex point-set planar figure. Tliat is, 
the subject had to hold invariant the shape and size of different prescribed 
three-sided figures under much more c:=pllcated transformations than just a 
1 cm slide of one stick. In the "classical" test, a simple comparison could 
be made between the stick which was nrvad and the stick which was not moved. 
No such comparison of corresponding sides of the original and image figures 
could be made in the present study. A subject had to be aware of the 
necessity to hold length Invariant at :he outsat, and he had to select the 
proper length sticks x>:ith x/nich to ccr.struct the imaje figura prior to 
r.'.,il;inv', tl'.o transformations. 

lx\ nddicLon to the lar-.^ nunber :: "failure to conserve icnr.th" errors, 
tht>. .T'.n;o:^t coTnpl«tca lac'.: of orror pi::jrn nlJo su^'^.2•jt.•? that che ability to 
n«2rf'om t r.ins Cocrint Ions at the rcspr,?3-:r.:atlonal levol d*rivo.3 fron fomal- 
operatio.nal thou.cih.:. One ponerii nrc:frtv of fomil thoudat i:-. the abilLtv 
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Co sopar%n&Q factors not glvon by direct observation >ind tho nicesaary tools 
for holding one factor constant In order to detersdne causal action of another 
(Flavall, 1963, pp. 204-211). It appears that just such a capability ia 
needed to perform Euclidean transfomations at the representational level. 
The many factors involved, the noting of factora not given by direct ob- 
servation, and the holding constant of some factors while varying others is 
best seen by example. To rotate a triangle as depicted in Figure 5 and to 
satisfactorily construci: the turn-image, a subject must (at least): (1) be 

Insert Figure 5 about hare 

aware that the length of the sides AB, ACy and BC renain invariant under the 
turn; (2) be able to imagine the existance of rays OD and OE, and the 
existance of angle ACD; (3) be aware that angle ACD is held invariant under 
the turn; (4) be able to rotate the figure through angle DOE; and (5) 
hold distances OC, OB, and OA invariant vhile rotating the triangle. In 
Figure 5, rays OD and OE are dashed, indicating that these are not given — 
that they must be imagined by the subject. If the subjects were at the 
concrete-operational state of reasoning; (or even in a transitional stage) 
it Is to be expected that they v;ould focus attention, first on one variable 
and than on another in performing the transformational tasks. This would, 
of course, explain why Ijn^th was son:etimes conserved and sometimes not, and 
why errors on proviou;} ta.sk.ij oi th<> tiA-.e motion were not necessarily repeated 
Oil 1 curriiint tns'c. 

V.U2 inability oi sv'">]-icf^ In t'ln ;ires.-?ac study "o p'-nvCon'i r'icl1(i\;-ia 
trnnsfor:v..Uions at the raprosontatl onal l<^vel, particularly the failure to 
con-.'..- fvc: len.'^th, nhouIJ noi. f.ntprnratoJ ir.i a refutation of ?la,7.-dt'r, theory 
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oc the child's spatial development. Tha subjucts vara not taatod on conaarva- 
t;.on of lonp.th in tha "classical" isense, nor woro thoy tostod to ascertain 
if thuy VQtQ in the fomal-operational stats. TUg variances between the 
findinsu of the present study and Pia;2tian theory and between the findings 
of the present study and previous studies servo to hifihlicht the need for 
further research in the area of trans fonnational geometry. 
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Fig. 1. Venn Diagram: Nestins; of Transformational Croups 
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Invariant Properties 

openness (closedness) of curves 
interior, exterior, boundary point 
linear order, cyclic order 
connectedness 
5. collinearity and concurrency 
6 • cross-ratio 

7. parallelism of lines 

8. ratio of distance 

9. betweenress of points 

10 . measure of angles 
II- length 



Fig. 2. Properties Remaining Invariant Under Transformations 
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Fig. 3. Prototypical Pretest Item 
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Tabli 1 



Sumnary of Analysis of Variance: Five Tests Comprising the 

Experimental Tasks 



Pretest 



sv 

Age 

Motion 
A X M 



DF 
2 
2 
4 



F 

7.2968 
11.1753 
0.58SS 



P <.oi 

p <.005 



Operational 
Definition 



Age 

Motion 
A X M 



2 
2 
A 



3.6569 
28. 3902 
1.2666 



p <.001 



Individual 
Motion 



Age 

Motion 
A X M 



2 
2 
4 



A. 1723 
22.3591 
1.1634 



P<.05 

p<;.ooi 



Composition 



Age 2 
Composition 5 
A X C 10 



0.9667 
8.5368 
0.2477 



P <.oi 



Inverse 
Motion 



Age 

Motion 
A X M 



2 
2 
4 



3.8737 
10.8685 
2.2432 



p <.005 




Table 2 

Perforaance on Trans forcational Test by Aga Group 



Number and Percent of Motions Perfopned* 



Age 


Slides 


Fllp_s 


Turns 


9 


24 20.0;^ 


IX 9.2% 


8 6.7% 


11 


34 28.,:% . 


20 16.7% 


19 15.8% 


13 


53 44.2;?: 


30 25.0% 


23 19.2% 


Tocal 


Ill 30. 3X 


61 16.9% 


50 13.9% 



^here ware 120 slides, flips, and/or turns possible for each age group. 



Upper Quartile (Qj^) Versus Lower Quartile (Q^) 
Performance on Experimental Tasks ^ 



11 



13 



Total 



Ql 

Q4 

Ql 
Q4 

Ql 



Otls-Lennon 
Mean 



Scores 



No. individual 
motions 
performed 



68 

25.1 

68.3 

36.3 

63.9 

28.6 



No. composition No. In- 



performed , 



verse 
motions 
performed^ 



20 


7 


3 


5 


1 


1 


35 


7 


9 


5 


2 


2 


37 


8 


11 


1 


0 


0 


92 


22 


23 


11 


3 


3 



a. as determined by score on Otls-Lennon Mental Ability Test. 

b. seven siabjects in each quartile per age. 

c. twelve individual .motions possible for each subject. 

d. six compositions possible for each subject. 

c. three inverse motions possible for each subject. 



